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AhhotA]j;m5I. A regular elliptic boundary- value problem over a bounded domain with a 
smooth boundary is studied. We prove that the operator of this problem is a Fredholm 
one in the two-sided refined scale of the functional Hilbert spaces and generates a complete 
collection of isomorphisms. Elements of this scale are the isotropic spaces of Hormander- 
Volevich-Paneah and some its modifications. A priori estimate for the solution is estabHshed 
and its regularity is investigated. 



BBe^GHHe. B paSoiax TK.-Jl. Jlnonca, 3. Ma^JKeneca [1] h K). M. BepeaancKoro, C. F. Kpeii- 
Ha, 51. A. PoHT6epra [2, 3, 4, 5] ycTanoBjieHbi TeopeMbi o hojihom naGope h30mop4)H3mob, koto- 
Topbiii ocymecTBjiaeT onepaTop peryjiapnoii BJiJinnTHnecKOH KpaeBoii aa^anH b ^BycTopoHneH 
niKajie npocTpancTB (J)yHKii;HH/pacnpe;i;ejieHHH. HojiHOTa Ha6opa osHanaeT, hto yKaaaHHbie 
H30Mop4)H3Mbi BbinojiHJiiOTca MGJK^^y npocTpaHCTBaMH (J)yHKii;HH/pacnpe;i;ejieHHH, KOTopbie 
HMeiOT cooTBeTCTBeHHO s u s — 2q npoH3BOflHbix, r;i;e s — npouaeojibHoe BemecTBeHHoe hhc- 
jio, a 2g — nop5i;i;oK onepaTopa. no3HTHBHa5i nacTb flBycTopoHHefl niKajibi {s > 2q) coctoht 
H3 npocTpancTB CoSojieBa, a neraTHBHaii ^acTb (s < 2q) — h3 MOflH4)Hn,HpoBaHHbix cnen,H- 
ajibHbiM o5pa30M coSojigbckhx npocTpancTB. HsBecTHbi ^bg TaKHe M0flH4)HKan,HH. Mo^hc^dh- 
Kan,Hfl JlHOHca-Mafl>KeHeca coctoht h3 ncKOTopbix cycnceHUU coSojigbckhx npocTpancTB, hto 
nosBOJiflCT oSecne^HTb nenpepbiBHOCTb KpacBbix onepaTopoB b hhx. Hhoh no^xo^ npeflJio>KeH 
51. A. PoHTSeproM [3, 4, 5] h ocHOBbiBacTca na pacmupenuu coSojicbckhx npocTpancTB. Bojiee 
Toro, oSoSmeHHoe pemeHne KpaeBofi 3a;i;aHH TpaKTycTca KaK bcktop, KOMnoHCHTbi KOToporo 
npHHafljiejKaT coSojicbckhm npocTpancTBaivi h CB5i3aHbi onpeflejieHHbiM oSpasoM MejK^iy co- 
6oH. 3to no3BOJiHJio HCCJieflOBaTb sjiJinnTHHecKyio KpacByio 3a;i;aHy, npaBbie nacTH KOTopofi 
aBJiaiOTca npoHSBOJibHbiMH pacnpeflCJieHHaMH. 

TeopeMbi o bojihom naSope h30mop4)H3mob Gbijih flOKa3aHbi 51. A. PoHT6eproM [5] TaK- 
JKC fljia neperyjiflpHbix ajiJiHUTH^ecKHx KpacBbix aa^a^ h KpacBbix sa^a^ fljia sjiJiHnTH^e- 
CKHx CHCTCM flH(J)(J)epeHn,HajibHbix ypaBHeHHH. B naHSojiee oSmeM bh^g ohh ycTanoBjieHbi 
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A. H. KojKeBHHKOBbiM [6] fljifl nceBflOflH(|)(|)epeHn,HajibHbix sjijiHnTH^ecKHx KpaeBbix aa^an. 
3th TeopeMbi HMeiOT pa^ BajKHbix npHjio>KeHHH (cm. [5] h npHBe,T,eHHyK) TaM jiHTepaTypy) . 
CpeflH HHx ocoSoe mgcto sanHiviaiOT yTBepjKfleHHH o noBbimenHH jiOKajibHOH rjiaflKOCTH pe- 
meHHa ajiJinnTHMecKoii KpaeBoii aaflaMH. B 3toh cbhsh flBjiaeTCfl aKTyajibHbiM HsyHenHe 3Ji- 
jiHnTHHecKHx aa^an b ^BycTopoHHHx niKajiax npocTpancTB, flaioiii,Hx Sojiee TOHKyio rpa^ai^Hio 
rjiaflKOCTHbix CBOHCTB pacnpe/^ejienHH. hqm coSojieBCKaji niKajia. K hx mhcjtv othoc5itc5i thjib- 
SepTOBa niKajia cneii;HajibHbix naoTponHbix npocTpancTB XepMaH;i;epa - BojieBHna - Haneaxa 
[7, 8, 9, 10] 

r;i;e s € M, a 4)yHKii;H0HajibHbiH napaMeTp cp aBJiaeTca Me^JieHHO MeHaiomeiica na +00 no 
KapaMaia (J)yHKn,HeH t ^ 1. B MacTHOCTH, ^onycTHivia Jiio6aa STajiOHnaa (J)yHKn,Ha 

ip{t) = (logtr(loglogtr-..(log...logtr, {ri,r2,...,rj CM, n e N. 

3Ta ymoHHeHHan niKajia BBe/iena h Hsynena b [11, 12]. Ona co^epjKHT co6ojieBCKyio niKajiy 
{if'*} = {i/'*'^}, npHBaaana k neii hhcjiobbim napaMCTpoM s, ho mhofo TOHbme nee. 

ripocTpancTBa H^'"^ o^ghb ecTecTBGHHO BOSHHKaiOT B pafle cneKTpajibHbix aa^a^: cxo^h- 
MOCTb cneKTpajibHbix paajiojKeHHii caMOConpajKenHbix ajiJinnTHnecKHx onepaTopoB hohth 
BCio^y, no HopMe npocTpancTBa LpC p > 2 hjih C (cm. o63op [13]); cneKTpajrbiiaa acHMnTOTH- 
Ka o6ni;HX caMOConpajKennwx sjiJinnTHHCCKHX onepaxopoB b orpaHnHennon oSjiacTH. 4)opMy- 
jia r. Benjia, Tonnaa on;eHKa ocTaTonnoro HJiena b neii (cm. [14, 15]) n ;i;p. Mojkho 0JKH;i;aTb, 
HTO ohh OKaiKyTca nojieanbiMH n b hhmx "tohkhx" Bonpocax. Bjiaro^apa cbohm nnTcpno- 
jian,HOHHbiM CBOHCTBaM H^''^ 3aHHMaiOT oco6oe MCCTO cpeflH npocTpancTB o6o6in,eHHOH rjia^- 
KOCTH, KOTopbie BCC aKTHBHCC HCCJiCflyiOTca H HcnojibsyiOTca B nocjieflHHe roflbi (cm. o63op 
[16], He;xaBHHe pa6oTbi [17, 18] h npHBezi,eHHyio TaM jiHTcpaxypy) . 

B nacToameii CTaTbe naynaeTca peryjiapnaa sjiJinnTH^ecKaa KpacBaa aaflana b ^BycTO- 
ponnen yTOHnennoH niKajie npocTpancTB, neraTHBHaa nacTb KOTopon MOflHc|)Hn;HpoBaHa no 
PoHTSepry. /JoKaaano, hto onepaTop 3toh aa^a^iH orpannHen, 4)peflrojibMOB n nopojK^aeT 
nojiHbiH naSop h30mop(J)H3mob b xaKon niKajie. HccjieflOBana yTOHnennaa jiOKajibHaa rjia^i;- 
KOCTb pemenna sjiJinnTHHecKon aa^ann. B KanecTBC npHJiOiKenna ^ano ^ocTaTonnoe ycjiOBne 
KjiaccHMHOCTH o6o6n],eHHoro pemenna aa^aHn. 

Otmcthm fljia nojinoTbi najioJKcnna, mto b noaninnnnon HacTH yTonnennoii niKajibi neofl- 
nopo^naa sjijinnTHMecxaa xpaeBaa aa/iaMa nay^iena panee b [19, 12, 20]. FIoMjodHopodHue 
sjiJinnTnnecKHe KpaeBbie aa/iaMH mojkho HCCJie^OBaTb b deycmopoHHUX yTOMHennbix mxa- 
jiax 6e3 nx Mo;],H4)HKau,HH (cm. [21, 22]). O^naKO, neoflnopo^naa KpacBaa 3a;],aHa b nera- 
THBnon nacTn niKajibi ne CBO^HTca k p,bjm nojiyo^nopo^nbiM, t. k. nx pemenna anjiaiOTca 
pacnpe^ejiennaMn paanoii npnpo^bi. Cjiynan sjiJinnTnnecKnx IlJ\0 b ^BycToponneii yTOH- 
nennon mxajie npocTpancTB na saMKnyTOM KOMnaKTnoM Moroo6pa3nn nccjieflOBan aBTopaMn 
B [23, 24, 25]. yKajKCM TaKJKe na paSoTbi [26, 27], r^e sjiJinnTnHecKaa Kpaenaa 3a/],aHa n3y- 
Hajiacb B flBycToponnnx MOflH(|)Hn,HpoBaHHbix mxajiax npocTpancTB JlH3opKHna-TpH6ejia n 
HnKOJibCKoro-BecoBa. 

1. IIocTaHOBKa sa^aHH h ochobhoh pesyjitTaT. HycTb fl — orpann^ennaa o6jTacTb b 
CBKjiHflOBOM npocTpancTBC (n > 2) c rpaHHn,eH F, KOTopaa aBjiacTca 6ecKOHeMno rjia^KHM 
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saMKHyTbiM MHoroo6pa3HeM pasMepnocTH n — 1. IlpeflnojiaraeTCfl, mto o6jiacTb Q jiOKajibHO 
jiejKHT no o^ny CTopony ot T. OSoananHM ^2 = ^2 U F. 

PaccMOTpHM cjie^yiomyio Heo^Hopo^Hyio KpaeByio aa^a^y b oSjiacTH f2: 

Au = f B fl, BjU = gj na T npn j — l,...,q. (1.1) 

3;i;ecb H ;iajiee A — jiHHeHHoe ;iH(J)(J)epeHii;HajibHoe Bbipa»ceime b Q nponsBOJibiioro Mexiio- 
ro nop5i;i;Ka 2g > 2, a Bj, r^e j = l,...,q, — rpannMHoe jiHHeliHoe ;i;H(j34)epeHLi;HajibHoe 
BbipaiKeHHe na F nopa^Ka rrij < 2q — 1. Bee K034)(|)Hii;HeHTbi BbipajKenHfi A h Bj sBJiaiOT- 
ea K0MnjieKeH03HaHHbiMH 4)yHKii;HaMH, 6eeK0HeHH0 raa^KHMH b h na F eooTBeTeTBenHO. 
HOJIOJKHM B :— (Bi, . . . , Bq). 

Beiofly flajiee npe^nojiaraeTea, hto KpaeBaa aaflana (1.1) pesyAsipnaji aAAunmuuecKaH. 3to 
osHanaeT [1, e. 137 - 138], [28, e. 167], hto BbipajKenne A npaBHJiBHO ajiJinnTHneeKoe b fi, a 
Ha6op rpaHHHHbix BbipajKenHii B HopMajibHbifi h y^OBJieiBopaeT yejiOBHio flonojiHHTejibHoeTH 
no OTHomeHHK) k A na F. Ha yejiOBna nopMajibnoeTn BbiTexaeT, hto nopa^KH rrij rpannnnbix 
flH4)(|)epenn,Hajibnbix Bbipa>KeHHH Bce pasjin^nbi. 

Hapafly e aaflaneii (1.1) paeeiviOTpHM Kpaenyio 3aji,a^y 

V — uj B n, Bj~v — hj na F npn j — l,...,q. (1.2) 
Ona c|)opMajibno eonpajKena k aaflane (1.1) OTnoeniejibno c|)opMyjibi Fpnna: 

{Au,v)n + Yl iBjU, C+v)r = {u,A+vh + Yl (<^^-«' ^»r' ^ C°^(n). 
j=i i=i 

3;i;eeb A'^ — eonpajKennoe k A jiHHeiiHoe flHc|)(j3epeHn;HajibHoe BbipajKenne nopa^Ka 2q c 
K03c|)c|)Hn;HeHTaMH KJiaeea C°°(Q), a {-B^}, {Cj}, {Cj~} — neKOTopbie nopMajibnbie eneTeivibi 
.rrHHennbix flHc|)c|)epenn,Hajibnbix rpann^nbix BbipajKennii e K03c|)c|)Hn,HenTaMH Kjiaeea C°°(F). 
Hx nopa^KH y^OBJieTBopaiOT yejiOBHio: 

ord Bj + ord C+ = ord Cj + ord B+ ^ 2q - 1. 

3fleeb nepea (•, •)n n (•, •)r o6o3naMenbi eKajiapnbie nponsBeflenna b npoeipaneiBax ^2(^1) n 
L2(F) (J)yHKn;HH, HHTerpHpyeivibix e KBa^paTOM b Q n na F eooTBeTeTBenno, a TaKme ecTe- 
eTBennbie paeinHpenna no nenpepbinnoeTH 3thx eKajiapnbix nponaBeflennn. 

IlOJIOJKHM 

N -.^{ue C~(n) : Au = B BjU = na F ^jia j - 1, . . . 

N+ := {v e C°°(n) : A+v = b B+v = na F j^l,...,q}. 

HoeKOJibKy 3a^ii,a^iH (1.1) n (1.2) aBjiaiOTCH peryjiapnbiMH 3JiJiHnTHMeeKHMH, npoeipaneiBa N 
H A^"*" KonennoMepHbi [1, c. 191], [28, c. 168]. 

JXjia npoeTOTbi (|)0pMyjiHp0B0K npeflnojiojKHM b stom nynKTe, hto = = {0}. 

HanoMHHM ejieflyion^HH KJiaeenHeeKnii peayjibTaT [1, e. 191], [28, e. 169]: onepaTop (A,B), 
eooTBeTeTByion^HH aa^ane (1.1), onpe^ejiaeT TonojiornHeeKHfi h30mop4)H3m 

9 

{A, B) : H\Q) ^ H'-^\Q) x //^-"^.-i/s^r) npn s > 2q. (1.3) 
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3flecb H'^{Q) H H'^(r), r^e u e M, — rHjib6epT0Bbi npocTpancTBa Co6ojieBa b h na F 

COOTBeTCTBeHHO. 

JlerKO aaMeTHTb, hto 3tot peayjibiaT ne Bepen b cjiynae npoHSBOJibHoro BemecTBenHoro s. 
TaK, npH s < rrij + 1/2 nejibSfl aa^aTb na npocTpancTBe H^{Q) rpaHHMHbiii flH4)4)epeHn,H- 
ajTL.HbiH onepaTop Bj. 51. A. PoHT6eproM [3], [5](n. 2.4) (cm. TaKxe [4](rji. Ill, §6), [29] (n. 
7.9)) npe^jiojKeHO cjie^jj^romee onpe^ejieHne o6o6iii;eHHoro pemenHa KpaeBoii aa^anH (1.1), 
ycTpanaioinee 3tot He^ocTaTOK. 

B OKpecTHOCTH rpaHHii;bi F aannmeM flH(i)(i)epeHii;HajibHbie BbipajKenHa A n Bj b bh^g 

2q rrij 

A^J2^>'^' « = E (1-4) 

fe=0 k=0 

S^ecb D^y := id/du, r/ie u — opT BHyTpeHHeii HopMajTH k rpaHHn,e F, a h Bj^k — neKOTO- 
pbie TanreHUHajibHbie flH4)(J)epeHn,HajibHbie BbipajKenHa. HHTerpnpya no MacTaM, aanameM 
cjieflyiomyio (J)opMyjiy Fpana: 

2q 

(Au, v)n = {u, A+v)n - i J2 (^'~'^' ^^'^^)r (1-5) 

fe=i 

^Jia npOH3BOJIbHbIX 4)yHKIi;HH u, V 

peHn;HajibHoe BbipajKeHne, conpa»ceinioe k Ar. C noMOinbio npe^iejibHoro nepexo^a nojiynaeM, 
HTO 4)opMyjia (1.5) cnpaBe^JinBa jiJia KajKfloro pacnpeflejieima u G H'^'^iVL). 06o3HaMHM: 

uo -.^u H Uk {D^~^u) \r npH A; = 1, . . . 2g. (1.6) 

B CHjiy (1.4), (1.5) KpaeBaa aa^aHa (1.1) OTHOCHTejibHoro hckomoh 4)yHKn,HH u G H'^'^{fl) 

paBHOCHJIbHa CHCTeMe yCJIOBHH 

2q 

v)n ;i,jia jiK)6oro veC'^{Q), (1.7) 

k=l 

rrij 

Bj^kUk+i^9j Ha F npH j^l,...,q. (1.8) 

SaMCTHM, HTO 3TH ycjiOBHa HMGiOT CMbicji B cjiyHae npoH3BOJibHbix (booSme roBopa, nepery- 
jiapHbix) pacnpe/],ejieHHH 

Uo e v'{W), supp Mo c a ui,..., u^ e v'{r). (1.9) 

3flecb, KaK oSbiHHO, nepea ©'(M**) h P'(F) oSoanaHeHbi jianeaHbie TonojioranecKHe npocTpan- 
CTBa IIlBapn,a pacnpeflejienHii b h na F cooTBeTCTBenHO. HoaTOMy BBe^eM cjie^yiomee 
onpeflejienae. 

BeKTop u = {uo,ui, . . . ,U2q), yflOBJieTBopaiomHH ycjiOBHK) (1.9), Ha3biBaeTca o6o6uj,eHHUM 
(no Poum6ep2y) petuemieM KpaeBofl aafla^H (1.1), ecjin BbinojinaiOTca ycjiOBna (1.7), (1.8). 

Mbi 6yfleM Haynaxb oSoSmeHHbie pemenHa aa^ann (1.1) b cneii;HajibHO nofloSpannbix napax 
rHJib6epT0Bbix npocTpancTB, nocTpoennbix na ocHOBe ceMeficTBa npocTpancTB 

{ H''^{W') : seR,(peM}. 
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Oho Hsy^eno aBTopaMH b [12] h HasBano ymoHHeHHOU niKajToii b R". Onpe/xejieHHe npo- 
CTpancTBa if*''^(]R") npHBe^eno hh^kg b n. 2. S^ecb otmcthm jiHinb, ^to sto npocTpancTBO 
THjibSepTOBO H cocTOHT H3 pacnpeflejieHHH B M", rjiaflKOCTb KOTopbix oxapaKTepHaoBana c 
noMombK) flByx napaMeipoB — HHCJiOBoro s h 4)yHKn,HOHajibHoro cp. IlocjieflHHH npo6eraeT 
^ocTaTOHHO mnpoKoe MHOJKecTBO M, cocToamee h3 Me^jienHO MenaioinHxca (no KapaMaia) 
Ha +00 4)yHKH;HH, h yTOHHaex ocnoBnyio (cTeneHHyio) rjia^iKOCTb, aa^aBaeMyio napaivieTpoM 
s. B nacTHOM cjiynae (p = 1 npocTpancTBO H^''^(W^) coBna^aeT c npocTpancTBOM CoSojiesa 

riycTb s G M, </? G A4. B cjiynae s > o6o3HaMHM Hepea rHjib6epT0B0 npo- 

CTpancTBO cyjKeHHH b oSjiacTb Vi Bcex pacnpeflejieHHH h3 i7*''^(M"). ^ajiee, b cjiy^ae s < 
o5o3HaHHM nepea H^''^'^^\Q) npocTpancTBO, conpajKennoe k npocTpancTBy H^'^'^^'-^'^^\Q) ot- 
HOCHTejibHO nojiyTopajiHHeiiHOH (|)opMbi (■, (S^ecb yMecrao OTMeiHTb, ^to G A4 -v^^ 
l/</7 G M.) KpoMe Toro, o6o3HaHHM Mepea H^''^{r) rHjib6epT0B0 npocTpancTBO pacnpeflejie- 
HHii Ha r, npHHaflJiexamHx JiOKajibHO npocTpancTBy (/leTajibHO yKa3aHHbie npo- 

CTpancTBa 6yflyT onpe^ejieHbi HHiKe b n. 2). /Jjia xajK^oro s G M \ {1/2, 3/2, . . . ,2q — 1/2} 

nOJIOJKHM 

i^.,^,(2,)(^^,r) ■.^{{uo,Ui,...,U2,): xio e UkeH'-'+'/^''^{r), k = l,...2q, 

npHHCM Uk = (D^'^u) \ r ecjiH s > A; - 1/2 }. (1.10) 
C4)opMyjiHpyeM ochobhoh pe3yjibTaT CTaTbH. 

TeopeMa 1.1. B npednoAootcenuu N — N'^ — {0} onepamop (A,B), coomeemcmeywmuu 
sadaue (1.1), onpedeAMem monoAozuuecKuu u30Mop^u3M 

{A,B) : /r,,^,(2,)(f),r) ^ i/^-2'^'^'(o)(n) X H i/--.-V2,^(r) (i.n) 

i=i 

Sasi npouseoAbHux napaMempoe s G M \ {1/2, 3/2,..., 2q — 1/2} u ip E M.. Upu amoM 
pemenue u — {uq,u\, . . . ,U2q) aadauu (1.1) noHUMaemcH nan o6o6vneHHoe. 

OTOiK^ecTBJiaa 4)yHKii;Hio u G C°°( Q ) c BCKTopoM [uq, Ui, . . . , U2q), KOMnoHeHTbi KOToporo 
BbiHHCJiaiOTca corjiacHO (1.6), nojiynaeivi, hto onepaxopbi (1.3) h (1.11) coBna;i;aiOT na mho- 
>KecTBe KjiaccH^ecKHx pemenHii u G C°°(f2) KpaeBoi! aaziaHH (1.1). 3to MHoacecTBO bjiotho 
B npocTpancTBax H^iVt) h Ks^^p^{2q){^^^^), aBjiaiomnxca oSjiaciaMH onpe^ejieHHa yKaaanbix 
onepaTopoB. 

Bojiee o6iii;ee yTBepjK^eHne, hcm TeopeMa 1.1 npHBe^eno h flOKa3aHO b n. 5. 

2. yTOHHeHHbie niKajibi npocTpancTB. CnaHajia ^a^HM onpe^ejienHe yToniieiiiioii 
niKajibi B M", rfle n G N (cm. [12]). 06o3HaHHM Hepe3 M. MHOiKecTBO Bcex (J)yHKii,HH 
</? : [1, +oo) — > (0, +oo) TaKHX, hto: 

a) (f H3MepHMa no Bopejiio na nojiyocn [1, +C)o); 

5) (J)yHKnHH (/9 H l/(/9 orpaHHMeHbi na Kd.yKjxoM 0Tpe3Ke [1, 6], r/ie 1 < 6 < +oo; 

b) 4)ynKu,Ha Lp Me^Jienno MeHaiOTTiaaca na +oo no KapaMaia, t. e. [30](n. 1.1) 

lim } — 1 fljia jno6oro A > 0. 

t-*+oo (p[tj 
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riycTb s E W, If G Ai. 05o3HaHHM ^epea i7*''^(]R") npocTpancTBO Bcex Me/iJienHO pacTyniHx 
pacnpe,T,e.rreHHH u G V^MJ^) TaKHx, ^to npeoSpaaoBanHe Oypbe u pacnpe;],ejieHHa u aBjiaeica 
jiOKajibHO cyMMHpyeMoii no JleSery b 4)yHKn,HeH, y^OBjieTBopaiomeH ycjiOBHio 

l{o'vm)\m\'dc<oo. 

Sflecb HHTerpaji Sepeica no M", a ((^) = (1 + + . . . + ^^)^^^ — crjiajKennbin MOflyjib neKTopa 
C — {CiT--iCn) £ l^"- B npocTpancTBe i7*''^(M") b KanecTBe CKajiapnoro nponsBeflenna 
B03bMeM Bejinnnny 

Ona ecTecTBennbiM oSpaaoM nopoiK^aeT nopMy. Otmgthm, mto mm paccMaTpnBaeM pacnpe- 
flejiennfl, flBjiinon^neca aHmuAUHeuHUMU c|)ynKn,HonajiaMH. 

HpocTpancTBO — 3to nacTnbiii naoTponnbiii rHjib6epT0B cjiynan npocxpancTB, 

paccMOTpeHHbix Jl. XepMan^epoM [7, c. 54], [8, c. 13] n B. n. BojieBn^eM, J\. P. naneaxoM 
[9, c. 14], [10, c. 45]. B nacTHOM cjiynae = 1 npocTpancTBO i/*'''^(R") = i/'^'^(R") coBna^aeT 
c npocTpancTBOM CoSojieBa H^{M.'^) nopa^Ka s. B o5ni;eM cjiy^ae cnpaBe/],.rrHBbi BKJiiOHeHHa 

y ffs+e^^n^^ ^. c H'''^{W) C H'-{W) := Pi H'-%W). (2.1) 

£>0 e>0 

Ohh oananaiOT, hto b ceMeficTBe rnjibSepTOBbix cenapaSejibHbix npocTpancTB 

{H'''^{W) ■.seR,(peM} 

4)ynKn,HonajibnbiH napaivieTp (p ymoHHfiem ocnoBnyio (cTenennyio) s-rjia;i,KOCTb. HosTOMy sto 
ceMeiicTBO eciecTBenno naanaTb ymoHHeHHOU niKajion b M*^ (no OTnomennio k coSojigbckoh 
niKajie) . 

Tenepb, cjie^ya CTanflapTnoii npon,eflype, onpe^ejinM anajiorn npocipancTBa H^''^(M.^) fljia 
o6jiacTeH Q n Q (cm. [22]). 
06o3nanHM 

Hfi'^iW) := {u G i/"''^(R") : suppw C O} . 

Otmcthm, nTO i/^^(]R") — rnjibSepTOBO cenapaSejibnoe npocipancTBO OTnocHTejibno CKa- 
jiapnoro npoHaBeflenna b if*''^(M"). 
JXajiee, hojio^khm 

H^'^in):={u\n: ueH^^^W)}: \\v \\^^^^^^^ := mi {\\u\\^^^^^^„^ : u = v b Q}. 

HpocTpancTBO H^'^{n) cenapaSejibnoe n rHjib6epT0B0, nocKOJibKy nopMa b neM nopojK^ena 
CKajiapnbiM nponaneflenneM 

3flecb Uj G H^''^{W^), Uj = Vj b Q, rji^e j = 1, 2, a 11 — opTonpoeKTop npocipancTBa H^''^{W^) 
na no,T,npocTpaHCTBO {u G if*''^(M"') : supp?7, C M" \ Q}. 

TaKHM o6pa30M, npocTpancTBO i7^'^(]R") coctoht h3 pacnpe^^ejiennii, cocpeflOTonennbix b 

aaMKnyTOH o6jiacTH O, a npocTpancTBO H^''^[il) — h3 pacnpeflejinnn, aa^annbix b OTKpbiToii 
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o6jiacTH Q. Otmbthm cjieflyiomHe hx CBoiicTBa [22](TeopeMa 3.2). MnojKecTBO 

C^{n) := {u e C°°(R") : suppu C Q} 

njiOTHO B H^'^{W), a MHOJKecTBO C°°(n) njiOTHO B //^'^(Q). npocTpancTBa H^'^{W) h 
ff-s.i/¥'(Q) B3aHMH0 conpajKeHbi c paBencTBOM HopM OTHOCHTejibHO pacHiHpeHHa HO nenpe- 
pbiBHOCTH HOJiyTopajimieHHOH (|)opMbi {u,v)n, r^e u e C^{fl), v e C°°(J1). 3aMeTHM 3^ecb, 
HTO npocTpancTBO H^'^'^/'^{Q) onpe/iejieno, nocKOJibKv l/v' G -M- 

PaccMOxpHM TaK>Ke npocTpancTBa pacnpeflejienHii na MHoroo6pa3HH T. Bo3bMeM kohgh- 
Hbiii aijiac h3 C°°-CTpyKTypbi na F, o5pa30BaHHbiH jiOKajibHbiMH KapxaMH aj : <-> Uj, r^e 
j = 1, . . . ,k. S^ecb OTKpbiTbie MHOJKecTBa Uj cocTaBJiaiOT KonenHoe HOKpbiTne MHorooSpa- 
3Ha r. HycTb cl^ynKiiHH Xj ^ C°^(r), r;i;e j = 1, . . . ,k, o6pa3yiOT pa36HeHHe e^HHHn;bi na F, 
y;i;oBJieTBopaioni,ee ycjiOBHio supp Xj C Uj . HojioiKHM 

H^'^^ir) :^{ge V'{r) {xj g) o aj e H'''^{R^-') fljia Ka>Kfloro j^l,...,k}, 

k 

{gi: 92) ^.,^(r) := ( {Xj 9i) ° oij, {xj 92) o aj ) ^..^(^n-i)- (2-2) 

3flecb h o aj — npe,T,CTaBjieHHe pacnpeflejienHa h G V(T) b jiOKajibHoii Kapie aj. CKajiap- 
Hoe HpoH3Be^eHHe (2.2) ecTecTBennbiM o6pa30M HopojK^aeT HopMy b npocTpancTBe H^''^(T). 
3to npocTpancTBO rHJib6epT0B0 cenapa6ejibHoe h c TOHHOCTbio ^o 3KBHBajieHTHbix HopM ne 
3aBHCHT OT Bbi6opa aTJiaca h pa36HeHHa eflHHHii;bi [12] (n. 3). MnoiKecTBO C°°(r) hjiotho b 

Otmbthm ^ajiee cjie;i;yioiii;ee [12] (n. 3). Ecjih s > 1/2, to j^jis KajK^oii 4)yHKii;HH u E 
H^''^{Q) onpe^ejien no 3aMbiKaHHio ee cjie^ na rpaHHn;e F — 4)yHKn;Ha f F e H^~^/^''^{r). 

Ilpn 3T0M 

^.-i/2,^(r) = {u\r:ue H^'^m, II 9 Wns-m,.^^ - { II « Wn^^^m ■■ u \ T ^ g] . 

B cjiynae s < 1/2 nejibsa KoppeKTiio onpe^ejiHTb cjie^ npoHSBO.rrbiioro pacnpe^ejienna u G 
H^''^[fl) na rpaHHn,e F. BBO/],HMbie HHJKe npocxpaHCTBa H^''^'^^\Q), rji^e r G N, jinmenbi sxoro 
neflocTaTKa. 

Onpe^ejiHM ^Jia Ka^K^oro n;ejioro r > mxajiy npocTpancTB 

{//^'<^'W(Q) ■.seR,ipeM}. (2.3) 

Ona CbirpaeT n,eHTpajibHyio pojib npn H3yMeHHH ajiJinnTHHecKoii KpaeBoii saj^anm (1.1). 

HycTb cnanajia r = 0. B cjiynae s > o6o3HaHHM nepes i7*'¥'.(o)(n) rHJib6epT0B0 npo- 
CTpancTBO i/''''^(f2). B cjiynae s < o6o3HaMHM Mepe3 H^''-'''^^\Q) rnjibSepTOBO npocTpancTBO 
il/^'^(M"), conpajKennoe k npocTpancTBy if"'*' ^/'^(il) OTHOCHTejibno nojiyTopajinnenHOH 4)op- 

Mbl (•, •)n. 

C TOHKH 3peHHa npHJiojKeHHH K flHc|)c|)epeHn;HajibHbiM onepaTopaM y^o6Ha TpaxTOBKa npo- 
CTpancTBa H^''^'^^\Q) xax nonojinenna Jinneajia C°°{Q) no cooTBeTCTByioni;eH nopivie. ^en- 

CTBHTejTbHO, npocTpaHCTBO H'^''^'^'^\il) npn s > coBnajiaeT c nonojineHHeM jTHneajia C°°(f2) 
no HopMe npocTpancTBa H^'''^(il). JJaiiee saMexnivi, hto ecTecTBenno OTOiKflecTBjiaxb (J)yHK- 
n,HH H3 npocxpancTBa I/2(^) = H^[Q.) c nx npoflOJi^KennaMH HyjieM b R"; b 3tom CMbicjie 
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L2(fi) = HpH TaKOM OTOJKflecTBjienHH nojiyMHM b CHjiy (2.1) BKjiiOMeHHfl 

C^in) C C°°(n) C L2(Q) = H^{W) C H^'^{W) = npH s < 0. 

OTCiofla BbiTCKaeT, hto 4)yHKii;HH KJiacca C°°(f2) (npo;i;oji>KeHHbie nyjieivi b M") oSpaayiOT 
njiOTHbiH jiHHeaji b npocTpancTBe H^''^'^^\il) npn s < 0. SnaHHT, 3to npocTpancTBO aBjiaeica 
nonojineHHeM MHOiKecTBa 4)yHKii;HH u e C°°(Q) no HopMe 

sup { ' ^ii'' ii'^^' : V e H-''^/'^{n), v^O 





{u,v 


)n 






V 


\h- 





HycTb Tenepb r G N. HojiOiKHM Er := {k — 1/2 : k = 1, . . . ,r}. B cjiynae s E M. \ Ej. 
o6o3HaHHM Hepes H^''^'^^\fl) nonojineHHe jiHHeiiHoro npocTpancTBa C°°{fl) no nopMe 



w II ...... := I llwH;..,„.„w.. + ^ \\{Dt-'u) \T\\^, 



\H"''p,(r-)(a) ■ III"' \\H'^''p-(o){a) 



k=l 




3Ta HopMa rHJib6epT0Ba, cjie^OBaTejibno, n npocTpancTBO H^''^'^'^\il) rHJib6epT0B0. Oho ce- 
napa6ejibH0, xax 6yfleT noxaaano nnjKe b n. 4. 

B cjiynae s E E^ onpe^ejinivi npocTpancTBO H^''^'^'^\Vt) nocpe^CTBOM HHTepnojian;HH: 

^s.V'.W^Q) _ ^^.-e,c^,(r)(j^)^^.+e,c^,(r)^Q)j^^^ npn < £ < 1. (2.4) 

Onpeflejienne ncnojibsoBannoro 3flecb HnTepnojian,Honnoro MeTO^a npHBe^eno b n. 3. J\cuiee 
B n. 7 6yfleT noKaaano, mto npocipancTBO (2.4) c TOHnocTbio flo aKBHBajieninbix nopM ne 
aanncHT ot e. 

CeMeiicTBO rnjibSepTOBbix cenapaSejibnbix npocipancTB (2.3) nasbinaeM Moducpmi,upoeaH- 
Hou no PoHiSepry yTonnennon niKajioii nopa^Ka r. B cjiynae (p = 1 (npocTpancTna Co6ojieBa) 
3Ta niKajia BBe^ena n Haynena 51. A. PoHT6eproM [3], [5](n. 2.4) (cm. TaKJKe [4](rji. Ill, §6), 
[28, c. 171], [29](n. 7.9)). _ 

B CHjiy onpe/tejienna MO/iH(|)Hn,HpoBannoH niKajibi, onepaTop cjie^a u ^ u \ T,u E C°°{ Q ), 
npoflOJiJKaeTca no nenpepbiBHOCTn flo orpannnennoro onepaiopa, fleiicTByiomero h3 npo- 
CTpancTBa H^''^'^'^\il) b npocTpancTBO if*~-^/^''^(r) npn Jiio6bix s G M, r G N. Bojiee Toro, ^Jia 
npoH3BOJibnoro u G H^''^'^^'^\Q) KoppeKTno onpe^ejien no c|)opMyjiaM (1.6) nocpe^CTBOM 3a- 
MbiKanna BexTop {uq, Ui, . . . , U2q)- ITosTOMy mojkbo TpaKTonaTb u KaK o6o6in,ennoe pemenne 
(mo, Ml, ... , U2q) 3aflanH (1.1). 

3. HHTepnojiHi];HH c cJ)yHKi];HOHajibHbiM napaivieTpoM. HHTepnojian;Ha c c|)yHKn;H- 
onajibRbiM napaMBTpoM nap rHJib6epT0Bbix npocTpancTB — sto ecTecTBennoe o6o6in;eHHe 
KJiaccHHecKoro HHTepnojiannoHHoro MeTOfla [1, c. 21-23], [28, c. 251] na cjiynan, Koraa b Kane- 
CTBe napaMGTpa HHTepnojian;HH bmgcto CTenennoii SepeTca 6ojiee o6ni;aa (i)yHKn;Ha. HpHBe^eM 
onpe^ejienne n neKOTopbie cnoncTBa TaKoii HnTepnojian,HH. ^Jia namnx n,ejieH flocTaTonno 
orpannnHTbca cenapa6ejibnbiMH rHjib6epT0BbiMH npocTpancTnaMn. 

ynopa/to^ieHHyio napy [Xq, Xi\ KOMnjieKcnbix rHjib6epT0Bbix npocTpancTB Xq h Xi 5y,T,eM 
na3biBaTb donycmuMOU, ecjin npocTpancTna Xq, Xi cenapaSejibnbie n cnpaneflJinBO nenpe- 
pbiBnoe njiOTnoe BjiojKenne Xi ^ Xq. 
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HycTb aa^ana ^onycTHMaa napa X := [Xo,Xi] rHjib6epT0Bbix npocTpancTB. KaK HSBecTHO 
[1, c. 22], fljifl X cyntecTByeT TaKOH HSOMeTpH^ecKHii h30mop4)H3m J : Xi ^ Xq, ^to J 
flBjiflGTCfl caMOConpaiKeHHbiM nojioJKHTejibHO onpeflejieHHbiM onepaTopoM b npocTpancTBe Xq 
c o6jiacTbio onpeflejieHHfl Xi. Onepaiop J naabiBaeTCH nopocncdaTomuM fljia napbi X, 3tot 
onepaTop onpe^ejiaeTca napoii X o^HoanaHHO. 

06o3HaHHM nepea B MHOJKecTBO Bcex (J)yHKn;HH, 3a;iaiiHbix nojrojKHTejibHbix h H3MepHMbix 
no BopejiK) na nojiyocn (0, +cxd). HycTb ip G B. ITocKOJibKy cneKTp onpepaTopa J sBJiaeTca 
no^MHOJKecTBOM nojiyocH (0, +oo), b npocTpancTBe Xq onpe;i;ejieH xax (|)yHKii;Ha ot J one- 
paTop ip{J). 06jiacTb onpe^ejienHa onepaTopa ip{J) ecTb jiHHefiHoe MHoroo6pa3He, njioraoe 
B Xq. 06o3HaHHM Hepe3 [Xq.Xi]^; hjth, Kopo^e, X.^ o6jiacTb onpeflejienna onepaTopa ijj{J), 
HaflejieHHyK) CKajiapnbiM npoH3BefleHHeM rpa4)HKa 



HpocTpaHCTBO X^ THjibSepTOBO cenapaSejibHoe, npn^eM cnpaBe/],JiHBO nenpepbiBHoe njiOTHoe 

BJIOJKeHHe X^ Xq. 

OyHKn,Hio G B Ha3biBaeM UHmepnoAHii,uoHHUM napaMempoM, ecjin fljia npoH3BOJibHbix 
flonycTHMbix nap X = [Xq,Xi\,Y = [Yq.Yi] rnjibSepTOBbix npocTpancTB n /tjia jno6oro 
jinnennoro OTo6pajKeHHa T, 3aflaHHoro na Xq, BbinojinaeTca cjie;i;yioni;ee ycjiOBne. Ecjih npn 
j — 0, 1 cyjKenne OTo6pa5KeHHa T na npocTpancTBO Xj asjiaeTca orpannHennbiM onepaTopoM 
T : Xj ^ Yj, TO m cyjKenne OTo6pa>KeHHa T na npocTpancTBO X^p asjiaeTca orpannHennbiM 
onepaTopoM T : Y^. 

HnbiMH c.rroBaMH, 4)yHKn;Ha asjiaeTca HHTepnojian;HOHHbiM napaMeTpoM Tor;i;a n tojibko 
Torfla, Kor^a OToSpajKenne X i— > X-^ anjiaeica HnTepnojian,HonnbiM c|)ynKTopoM, aa^annbiM 
na KaTeropnn flonycTHMbix nap X rHjib6epT0Bbix npocTpancTB (cm. [31], n. 1.2.2). B 3tom 
cjiynae Sy^eivi ronopnTb, hto npocmpaHcmeo X^ noAyneHO e peayAbmame UHmepnoAHi4uu 
napu X c cjiyHKHuoHaAhHUM napaMempoM ip. 

KjiaccHHecKHH peayjibTaT [1, c. 41], [28, c. 250 -255] b TeopnH HHTepnojian;HH rnjibSep- 
TOBbix npocTpancTB coctoht b tom, hto CTenennaa c|)yHKn;Ha 'ip{t) — nopa^Ka 9 £ (0,1) 
aBJiaeTca HHTepnojian;HOHHbiM napaMeTpoM. B 3tom cjiynae 9 ecTecTBennbiM o6pa30M BbiCTy- 
naeT b KanecTBe nncjiOBoro napaMexpa HHTepnojian;HH n HHTepnojianHOHHoe npocTpancTBO 
X^ o6o3nanaeTca nepe3 Xg. HaM nona^oSnTca cjieflyron^nn, Sojiee mnpoKHii neM CTenennon, 
Kjiacc HnTepnojian,Honnbix napaMeipoB [11] (leopeMa 2.1, jieMMa 2.1). 

ripe^jiOiaceHHe 3.1. IJycmb (pyuKUtUH ip E B ospaHUHena na naotcdoM ompeane [a; 6], sde 
< a < b < +00. IJycmb, KpoMe moso, ip — npaeuAbHO MeHHtoiu^aHCH na +oo no KapaMama 
<pyHKV,UH nopndKa 9, sde < 9 < 1, m. e. [30](n. 1.1) 



Toeda ijj neAHemcH UHmepnoAMii,uoHHUM napaMempoM. Upu amoM cnpaeedAueu Henpepuenue 
nAomnue eAOCHcenuM Xi ^ X^ ^ Xq. 

Hn>Ke 6y;i,yT ncnojibaoBanbi cjie/tyTonine CBoiicTBa nnTepnojian,nn. 

IIpefljiOiKeHHe 3.2 ([19], TeopeMa 4). Uycmb aadano KOHeuHoe hucao donycmuMUX nap 
[Xq''\ x[''^] 2UAb6epmoeux npocmpancme, 2de k — 1, . . . ,m. Tozda Sam a'K)6ou (pyuKV/au if) E 



{U, V)x^ = {U, v)xo + {lp{J)u, tp{J)v)xo- 




A dAH AK)6030 A > 0. 
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B cnpaeedAueo 



m m 



m 



n[ 



^0 > ^1 



c paeencmeoM HopM. 



_k=l k=l 



k=l 



npe^jio:aceHHe 3.3 ([32], TeopeMa 2). Ilycmb unmepnoAMViUOHHue napaMempu C,77,x G B 
ydoGAemGopMom CAedywmeMy ycAoeuw: Jam Kaatcdozo uucAa £ > cyiu^ecmeymm noAootcu- 
meAbHue uucAa Ci{e), C2{e) manue, umo 



Toeda Sah npouaeoAtHou donycmuMOu napu X zuAtdepmoeux npocmpaHcme cnpaeedAU- 
60 paeencmeo npocmpaHcme [X^,X^]^ = c SKeueaAeHmHocmhto HopM. 3decb cjiyHKyuH 
ip{t) :— Cit) xiv{'t)/C{'t)) apsyMenma t>0 HOAHemcH UHmepnoAHi4UOHHUM napaMempoM. 

HanoMHHM cjTe;i;yioiu;ee onpeflejieHne. JlnHeHHwii orpaiiHHeHHbiii onepaTop T : X , r^e 
X,Y — SaiiaxoBLi npocTpaiiCTBa, nasbiBaeTca cfipedzoAbMoetdM, ecjiH ero fl^po KoneHHOMepHO, 
a oSjiacTb 3HaMeHHM T{X) saMKHyxa bYti HMeeT laivi KOiieMiiyio KopasMepHOCTb. HndeKcoM 
4)peflrojibMOBoro onepaTopa T HasbmaeTca hhcjio indT = dimkerT — dim(y/ T{X)). 

IIpefljioaceHHe 3.4 ([33], npe;i;ji05KeHHe 5.2). Ilycmb aadano dee donycmuMue napu 
X = [Xq, Xi] u Y = [Yq, Yi] 2UAb6epmoeux npocmpaHcme. IJycmb, KpoMC moso, na Xq 
sadano AuneuHoe omo6pacHceHue T , Sah Komopoeo cymecmeytom ospanuneHHue ^pedzoAbMO- 
eu onepamopu T : Xj ^ Yj, zde j = 0, 1, UMemw^ue o6m,ee ndpo N u odunaKoeuu undenc k. 
Tosda dAH npouseoAbuoso UHmepnoAfiii,uoHH020 napajuempa ip E B ospaHuueHHUu onepamop 
T : Xjp Y^ ^pedzoAbMoe c ndpoM N , o6Aacmb')o SHaueHuu Y^HT^Xq) u mcM Mce undeKCOM 

K. 

4. CBoiicTBa MO^HcJ)Hi];HpoBaHHOH yTOHHeHHoii niKajibi. Cnanajia naynHM MOflHc|)H- 
ii;HpoBaHHyio mxajiy (2.3) nopa^Ka r — 0. Otmbthm cjie^yioiuHe ee CBoiicTBa, ycTanoBJieHHbie 
B [22] (xeopeivia 3.3). 

npe^jio:»<;eHHe 4.1. Ilycmb s,a ^M. u (p,x & -M- Tosda: 

a) ecAU \s\ < 1/2, mo nopMU e npocmpancmeax H^'''{Mr-) u H^''^{ft) sKeueaAenmHU 
na nAomnoM auhcuhom MH020o6pa3uu C^(Q), umo osnauaem CAedymiu^ee paeencmeo npo- 
cmpancme c SKeueaAenmnocmbw nopM e nux: 



6) npocmpancmea H^'^^'^^^Vl) u H~^'^^'^'^°\Q,) esauMno conpHcncenu (npu s c paeen- 
cmeoM HopM, a npu s = c aneueaAenmHocmbio nopju) omnocumeAbno noAymopaAuneunou 
^opMU (-, ■)n; 

e) ecAU s < a, mo cnpaeedAueo KOMnaKmnoe nAomnoe OAOMcenue H"''^'^^\Q) ^ 

s) ecAU Lp{t) < cx{t) nput ^ 1 dAH neKomopozo uucAa c > 0, mo cnpaeedAueo nenpepuenoe 
nAomnoe eAootcenue H^'^'^^\Q) ^ H^''^'^^\il); amo eAOMcenue KOMnanmno, ecAU (p{t)jx{t) 
npu t — > +oo; 



1 < ci(£) C{t) < C2{e) 'rj{t) u 1 < ci{e) x{t) npu t > e. 




npu \s\ < 1/2; 
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d) Hepaeencmeo 

°° dt 



paenocuAbHO HenpepueHocmu eAOMcenuH Hp^^/'^'''^''^^\VL) ^ C''(0), sde ii^eAoe p > 0; nenpe- 
pueHocmb maKozo eAOMceuuH eAeuem ezo KOMnaKmHocmt. 

B CBfl3H c nyHKTaMH b), r) npeflJioJKeHHa 4.1 otmbthm cjie^yiomee. HjiOTHoe nenpepbiBHoe 
BJiojKeime H'^'^'^^\^) ^ H^''^'^^\Q) noHHMaeTca cjie^yioinHM o6pa30M. CymecTByeT hhcjio 
c > TaKoe, HTO 

1 1 ^ 1 1 H^^'p.O) (H) - 1 1 1 1 j?-.x.(o) (Q) flJi^ JiioSoro ueC°°{n). 

KpoMe Toro, TOJKflecTBenHoe OTo6pa>KeHHe, aa^aHHoe na hjiothom jiHHeiiHOM MHoroo6pa3HH 
C°°( O ), npo;i;oji>KaeTca no nenpepbiBHOCTH flo orpannHeHHoro jiHHefiHoro HHijeKTHBHoro one- 
paTopa / : H^'^'^^^Q) H^''-^'^^\Q) (oh nasbiBaeTca onepaiopoM Bjio>KeHHfl). AnajiorHHHO 
noHHMaeTca njioraoe nenpepbiBHoe BJioiKenne H"''^'^'^\Q) ^ H^''^'^^\il) (cm. Hnace). 

Cjieflyiomaa TeopeMa ycTanaBjiHBaeT tot 4)aKT, hto KajK^oe npocTpancTBO H^''^'^^\Q) mo- 
JKBT 6biTb nojiyneno b peayjiBTaTe HHTepnojian,HH napbi co6ojieBCKHx npocTpancTB c noflxo- 
flamHM (J)yHKii;HOiiajibHbiM napaMBTpoM. 

TeopeMa 4.1. Uycmb sadanu 4)yHK%UH (p ^ Ai u noAo^fcumeAbHue hucau e, 6. IIoaomcum 

npu Q < t < 1. Tozda: 

a) (fiyuK'nuH i/j E B sieAHemcH UHmepnoAMViUOHHUM napaMempoM; 

6) dAH Kaoicdozo hucag s G M maKoso, umo s — e > —1/2 uau s + S < 1/2, cnpaeedAueo 
[H'-^^^'^^\Q), H'+^'^^^^\n)\^ = H'''^'^'^\n) c 3KeueaAeHmHocmb70 HopM. 

/lloKaaameAbcmeo. UyHKm a). Henocpe;i;cTBeHHO npoBepaeica, hto 4)yHKii;Ha E B 
v^iOBJieTBopaeT vcjiobhto npe^jioiKenHa 3.1, r^e 9 — e/{e-\-5) e (0,1). Cjie^OBaTejibHO, ona 
aBJiaeTca HriTepnojiaii;HOHHbiM napaivieTpoM. 

UyHKm 6). KaK ycTanoBJieno b [12] (TeopeMbi 3.5, 3.7) h [22] (TeopeMa 3.1), fljia npoH3BOJib- 
Horo s e R cnpaBeflJiHBbi cjie^yiomHe pabencTBa npocTpancTB c 3KBHBajieHTHOCTbio nopM b 

HHX: 

[H'-^^\Q),H'+^'\n)\^ = H''^{n), (4.3) 
//r-^''(R"), //^+'^''(M")j ^ = H^^{W). (4.4) 



EcjiH s — e > —1/2, TO B CHJiy (4.1) h (4.3) nojiynaeM 

^^.-.,1,(0) iJ^+^'i'(o)(l])]^ = [H'-'^\9.),H'+^^\^l)\^ = H''^{n) = i7^''^'(°)(fi). 

EcjiH s + e < 1/2, TO B CHJiy (4.1) h (4.4) HMeeM 

3flecb napa^y c paBencTBOM npocTpancTB BbinojinaeTca 3KBHBajieHTH0CTb nopM b hhx. HynKT 
6) flOKaaan. 

/lajiee H3y^iHM MO,T,H4)HitHpoBaHHyio niKajiy (2.3) nopa,T,Ka r G N. HaM noHa/i,o5aTca cjie- 
flyiomne CBOHCTBa npocTpancTBa H^''^{T), ycTanoBjienHbie b [12] (TeopeMbi 3.5, 3.6, 3.8). 
npeAJio:aceHHe 4.2. nycmt s,a eM. u (p,x ^ M.- Tozda: 
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a) dAH npouaeoAbHux noAoamumeAbHux hucca e,5 cnpaeedAueo 

[H'-''\r), H'+^'\r)]^ = H'''^{r) c aKeueaAeHmHocmbw HopM, 

zde ijj — UHmepnoAMViUOHHUu napaMemp U3 meopeMU 4.1; 

6) npocmpaHcmea H^''^{r) u H~^'^^'-'^{T) esauMHO conpnotceHU (c SKeueaAeHmHocmhio 
HopM,) omHocumeAbHO noAymopaAUHeuHou (fiopMU (■, ■)r; 

e) nyuKmu e), z) npedAOMcenun 4.1 coxpausimm cuAy, ecAU e ux cfiopMyAupoeKax saMe- 
Humt npocmpaHcmea H'^'^''^°\Q.) , H^''^''^^\Q.), H^'^''^'^\il) Ha npocmpancmea H'^'^iV) , H^''^{T), 
H^'^(r) coomeemcmecHHo; 

z) nepaeencmeo (4.2) paenocuAhuo nenpepuenocmu gaodiccuum iJ^+("^i)/2''^(r) C''(r), 
sde vfiAoe p > 0; nenpepuGuocmb manoso OAOoicenuji GAenem eso KOMnaKmnocmt. 

d) dAH A'todux k & N, s > k — 1/2 Auneunoe omodpaMceuue u h- > [D^^^u) \ T , zde u G 
C°°(n), npodoAotcaemcH no Henpepuenocmu do ospanuHeHHOso onepamopa, deucmeytoiu^eso 
U3 npocmpancmea H^''^'^^\Q) = e npocmpancmeo H^-^^'^l'^'f{T). 

JXllH npOH3BOJIbHbIX S e M, e AA nOJIOJKHM 

r 

n,,^,(,)(i],r) := X J] i/-'=+V2,^(r). 

fe=l 

KpoMe Toro, ecjin s ^ E^, o6o3HaHHM (cm. (1.10)) 

Xs,^",(r)(^^, r) := { (lio, rtl, . . . , Ur) e Y{,^^^{r){^, V) : 

Uk = {D^^^u) \ r fljifl Bcex /c = 1, . . . r TaKHx, mto s > k — 1/2}. 

B CHjiy npeflJioJKeHHa 4.2 fl), ii's,¥3,(r)(^; T) — (aaMKHyToe) noflnpocTpancTBO b Ils^tp^(r){^-,^)- 
TeopeMa 4.2. Ilycmb r e N, s eR \ Er, (p e M. Toada: 
a) AuneuHoe omo6paMceHue 

Tr-.u^ {u,u\T,...,{Dl-^u) \T) , ueC°°{n), (4.5) 

npodoAotcaemcH no Henpepuenocmu do uaoMempunecKoso u30Mop^u3Ma 

Tr-. i/^'^'(^)(Q)^X,,^,M(n,r); (4.6) 

6) Bah npouseoAbuux iioAOMCumeAbuux hucca e, 6 maKux, umo nucAa s, s — £, s + 5 npu- 
HadAcotcam odnoMy us uumepeaAoe 

ao := (-00, 1/2), := (A; - 1/2, A; + 1/2), A; = 1, . . . , r - 1, a, := (r - 1/2, +oo), 

cnpaeedAueo 

\jjs-e,Ur)^^^^ //^+^'i'W(r])]^,^ = if*''^'W(r]) c aKeueaAenmHocmbm nopM, (4.7) 

sde ip — UHmepnoAmj^uoHHUu napaMemp us meopcMU 4.1. 

JHoKaaameji'bcmeo. B cjiynae Lp = 1 (M0flH4)HKan,Hfl coSojigbckhx npocTpancTB) nynKT 
a) ycTaHOBjien 51. A. PoHT6eproM [5] (jieMMa 2.2.1). BbiBeflCM OTCiofla nynKT 6) ^jih npoH3- 
BOJibHoro </? e Al, a aaTBM nynKT a). 

06o3nanHM nepea jienyio nacTb pabencTna (4.7). PaccMOTpnM HaoMeTpnnecKHe onepa- 
Topbi 

Tr-. //'^'^■(^)(Q) ^n^,i,(^)(17,r), a e {s-e,s + 5}. 
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IlpHMeHHB K HHM HHTepnojian,Hio c napaMeipoM ■0, nojiyMHM orpanHMenHbiii onepaiop 

Tr-. x^^ [n,_,,i,(,)(Q,r), n,+,,i,(,)(Q,r)]^. (4.8) 

B CHJiy npefljiojKeHHH 3.2, 4.2 a) h TeopeMbi 4.1 HMeeM 

[ns_e,i,(^)(f],r), ns+5,i,(r)(f^,r)]^ = 

r 

fe=l 

r 

C 3KBHBajieHTHOCTbIO HOpM. Cjie;i,OBaTejIbHO, 

lhL^...M(n) = ll^-^lln„„(.)(n,r)^Ci|hllx^ fljia bcbx iieC~(n). (4.9) 

3;i;ecb Ci — Hopivia onepaTopa (4.8). 

T^OKajKBM HepaBBHCTBO, o6paTHoe K (4.9). Ho ycjiOBHio, — £,s + 5 e ap fljia HBKOToporo 

HOMBpa p e {0, 1, . . . , r}. PaCCMOTpHM JIHHBHHOB OTo6paJKBHHB 

-u^ {u, {{D^~^u) tr: p+l<A;<r}), 'ueC°°(n). 

(KaK H npBJKflB, HHflBKC /c n,BJIbIH.) 3tO OTo6pa>KBHHB npOflOJIJKaBTCfl no HBnpBpblBHOCTH flO 
TOnOJIOrHHBCKOrO H30M0pc|)H3Ma 

T,,p : //'^'^'('■^(O) ^ //'^'^'^°)(0) X J]^ i/^-'=+V2,i(r), + (4.10) 

p+l<fe<r 

/l^BHCTBHTBJIbHO, CymBCTBOBaHHB H OrpaHHMBHHOCTb OnBpaTOpa (4.10) CJIBflyBT H3 OnpB- 
;i;6Ji6HHa npocTpancTBa //'^'^■W(Q). nOKa?KBM, HTO 3T0T OnBpaTOp 6HBKTHBHbIH. HyCTb U £ 

(lio, K : P + 1 < A; < r}) e //^'^■(°)(Q) x JJ i/'^-'=+^/2'^(r). 

p+l<fe<r 

HOJIOJKHM Uk '■— {D^~^Uo) \ r npH 1 < k < p. PaCnpBflBJIBHHB Uk OnpBflBJIBHO KOppBKTHO B 

CHJiy npBflJioJKBHHa 4.2 fl), nocKOJibKy a > k — 1/2 fljia yKaaannbix hombpob k. SaMBTHM, 
HTO a < k — 1/2 npH p+1 < k < r. HosTOMy {uq.Ui, . . . ,Ur) G 7^'o-.i.(r)(^! T). Kax roBO- 

pHJIOCb BbllHB, nyHKT a) H3BBCTBH B CJiy^aB if = 1. SnaMHT, CymBCTByiOT TOHOJIOrHMBCKHB 
H30MOp4)H3MbI 

Tr : //'^'i'W(Q) ^ X.,i,(.)(^^, r), ae{s-e,s + 5}. 

OTCiofla, HOCKOJibKy 

TrU = {uq, Ui, .... Ur) Tr,p U = ( Uq, {uk : p + 1 < k < r} ) , 

BblTBKaBT, MTO OrpaHH^BHHblH OHBpaTOp (4.10) SHBKTHBHblH. CjIBflOBaTBJIbHO, HO TBOpBMB 

Banaxa 06 o6paTHOM onBpaiopB, (4.10) — TonojiornMBCKHH h30mop4)h3m. 



14 B. A. MHXAHJIEU;, A. A. MYPA^^ 

ripHMeHHM K (4.10) HHTepnojifliiHK) c napaAieTpoM ip. B CHjiy npeflJioJKeHHii 3.2, 4.2 a) h 
TeopeMbi 4.1 nojiyMHM TonojiorHHecKHH h30mop4)H3m 

Tr,p : ^ H^'^^'^^Xfl) X Yl H'-^+^l^^'^{T). (4.11) 

p+\<k<r 

OTCiofla BbiTCKaeT HepaBencTBO, o6paTHoe k (4.9): 

II ^ llx^ - "^2 ( II M ||^.,^,(0)(Q) + X] ||(-D^ ^m) t r||^,_^+l/2_^^j.^ I < C2 II M ||^,,^,(^)(f^^ 
\ p+l<fc<r / 

;i;jia Bcex u G C°°(f2). 3flecb C2 — iiopMa onepaTopa, o6paTHoro k (4.11). TaKHM oSpaaoM, 
HopMbi B npocTpancTBax h H^''^'^'^\fl) 3KBHBajieHTHbi na MHOJKecTBe C°°( ^2). Oho hjiotho 
B H^''^'^'^\Q) no onpeflejieHHK) h b X-^ b CHjiy npeflJioJKeHHH 3.1. CjieflOBaiejibHO, X^ — 

C TOMHOCTbK) flO 3KBHBajieHTHbIX HOpM. IlyHKT 6) flOKaSaH. 

/^OKajKeM nyHKT a). CorjiacHO onpeflejreHHio npocTpancTBa H^''-'''^^\fl) OToSpajKenne (4.5) 
npoflOJiJKaeTca no nenpepbiBnocTH ji^o HaoMeTpnnecKoro onepaTopa 

T,.: H''^'^'\n)^Us,^,^r){n,T). (4.12) 

Ha ocHOBannn npefljio^Kennfl 4.2 ji) cnpaBe;i;jiHBO EKJiTOMenne Tr{H^''-'''^^\Q)) C A'^ ;^ (,.)(!], F). 
^OKajKGM oSpaTnoe EKJnoneHHe. IlycTb {uq,ui, . . . ,Ur) G -ft's^<p^(r)(i^, F). B cnjiy (4.11) n pa- 
BencTBa X^ = H^''^'^^\il) cymecTByeT TonojiornHecKHn h30mop(|)H3m 

p+l<fc<r 

IloaTOMy nanflGTca TaKoe u MTO 

Tr,pU = {uo, {uk : p + 1 < k < r}). 

OTCio;i;a b cnjiy npe;iJT0»ceHH5i 4.2 BbiTCKaeT paBencTBO T,. u = {uq, ui, . . . , Ur). Teivi caivibiM, 
flOKa3ano BRjuonenne Ks,^,(r){^,T) C Tr{H''^'^^\n)). TaKHM oSpaaoM, T,(i/^'^'W(Q)) = 

-^s,¥',(r)(^) r), HTO BMeCTe C H30MeTpHHeCKHM OHCpaTOpOM (4.12) BJieHBT HaOMeTpHHeCKHH 

H30Mop4)H3M (4.6). HyHKT a) flOKaaan. 
TeopeMa 4.2 flOKaaana. 

TeopeMa 4.3. Ilycmb rGN, s,crGM u ip,x ^ -M- Tosda: 

a) 2UAb6epmoeo npocmpaHcmeo H^''^'^^\il) cenapa6eAbHoe; 

6) MHOCHcecmeo C°°{il) nAomno e npocmpaHcmee H^''^'^^\il); 

e) ecAU s > r ^ 1/2, mo H^''^'^'^\Q) — H^''^{Q) c SKeueaAeHmHocm'bm HopM; 

e) nyHK'mu e), z) npedAocncemisi 4.1 coxpauHmm cuAy, ecAU e ux (popMyAupoeKax e o6o- 
SHanenuMX npocmpaHcme saMenum'b (0) na (r). 

/^OKaaameji-bcmeo. IlyHKm a). J^jin s ^ cenapaSejibHOCTb npocTpancTBa H^''^'^'^\fl) 
BbiTexaeT na TeopeMbi 4.2 a) h cenapa6ejibH0CTH npocTpancTBa i^'s^^^(r)(Jl, F). Ecjih s G Ej., 
TO npocTpancTBO H^''^'^'^\Q) cenapa6ejibH0 b CHjiy (2.4) KaK peayjibTaT HHTepnojifln,HH cena- 
pa5ejTbHbix THjibSepTOBbix npocTpancTB. 

IlyHKm 6) B cjiy^ae s ^ Er co^epiKHTca b onpe^ejiennHH npocTpancTBa H^''^'^'^\fl). Ecjih 
s G Ej., TO B CHjiy (2.4) h HpeflJioJKeHHa 3.1 cnpaBeflJiHBO nenpepbiBHoe njiOTHoe Bjio^Kenne 
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ffs+e,v,{r)(^f^^ ^ p^Jln flOCTaTOHHO MajIOTO £ > 0. HoCKOJIbKy S + S^Er, MHOiKeCTBO 

C°°{Q) njiOTHO B npocTpancTBe 

H'+e,'P,{r)(^fiy CjieflOBaTejibHO, 3T0 MHOJKeCTBO BJIOTHO H B 

npocTpaHCTBe H^''^'^^\Q). 

UyHKm e). Ecjih s>r — 1/2, tob CHJiy npe;i;jiojKeHHa 4.2 fl) HopMbi b npocTpancTBax 
H^''^'^'^\fl) H H^''^'^^\ft) — H^''^{ft) 3KBHBajieHTHbi Ha njioTHOM jiHHeiiHOM MHoroo6pa3HH 
C°°(n). Cjie^OBaTejibHO, sth npocTpancTBa paBHbi. 

UyHKiri s) fljia s,a ^ Ej. BbiTexaeT h3 npe^JiOKenHfi 4.1 b), r) h 4.2 b) b CHjiy TeopeMbi 
4.2 a). Ecjih {s,a} D Ej. ^ m s < a, to b CHjiy (2.4) h Hpe^JiOiKeHHa 3.1 fljia flocTaTOHHO 
Majioro HHCJia £ > cnpaBefljiHBbi HenpepbiBHbie HjioTHbie BjiojKeHHH 

HaKOHen;, ecjiH s G -E^, to b chjtv (2.4) HMeeivi 

npHHCM HacjieflyeTca KaK nenpepbiBHOCTb, Tax h KOMnaKTHOCTb [31] (n. 1.16.4) BJioiKenHfi. 
TeopeMa 4.3 flOKaaana. 

5. 3jijiHnTHHecKaH KpaeBaa aa^ana b MO^Hc|)Hi];HpoBaHHOH yTOHHeHHoft niKajie. 

HanoMHHM, ^TO KpaeBaa aa/iaHa (1.1) peryjiapnaa sjijinnTHHecKafl, a h — KoneMHO- 
Mepnbie SecKoneHHO rjia,T,KHe a^pa onepaTopoB 3avT,aH (1.1) h (1.2) cooTBeTCTBGHHO. 

TeopeMa 5.1. /],am npouseoAbHux napaMcmpoe s G W u (p G Ai AuneuHoe omo6pacHceHue 

{A,B) : {Au,Biu,...,Bgu), ueC°°{n), (5.1) 

npodoAotcaemcfi no HenpepueHocmu do ozpaHuueHHOzo onepamopa 

{A, B) : //^''^'(2'?)((]) ^ i/«-29.<^'(o)(n) X Y[ //^-m,-i/2,<^^p^ ^. r). (5.2) 

9mom onepamop (ppedsoAhMoe. Eso ndpo coenadaem c N , a o6Aacmb SHaueHuu paena mho- 
otcecmey 

|(/,5i,---,59)e7i3,^(f),r): (/,i;)n + ^(^,-,C+i;)r = Bah ecex v e . (5.3) 

Hudenc onepamopa (5.2) paeen dim — dim A'^"'" u ne saeucum am s, ip. 

/J^OKasameAbcmeo. B co6ojieBCKOM cjiynae (p = 1 3Ta TeopeMa ycTanoBJiena 51. A. Poht- 
6eproM [5] (TeopeMbi 4.1.1 h 5.3.1). OTCio^a mm BbiBe^eM o6iii;hh cjiynaii ip E Ai c noMombio 
HHTepnojiaii;nn. 

Cnanajia npeflnojioJKiiM, hto s ^ E2q. IlycTb nojiOiKHxejibHoe hhcjio £ = 6 xaKoe KaK 
B xeopeMe 4.2 6). OTo6pajKeHHe (5.1) npoflOJiJKaeTca no nenpepbiBHOCTn flo orpannMenHbix 
4)peflrojibMOBbix onepaTopoB 

{A, B) : //^^^■i'(2^)(Q) ^ 7i,^,,i(Q, r). (5.4) 

Ohh HMeiOT o6iii;He a^po A'^, ^ec|)eKTHoe no^npocTpaHCTBO 

{{v,Ctv,...,C+v):veN+] (5.5) 
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H HH/ieKC dimA^ — dimA^"*". HpHMenHM k (5.4) HHTepnojifln,HK) c (|)yHKn,HOHajTbHbiM napa- 
MCTpoM ip H3 TeopeMbi 4.1. B CHjiy npeflJiOiKeHHfl 3.4 nojiyHHM orpaHHHeHHbiH 4)peflrojibMOB 
onepaTop 

Oh 03Ha^aeT cyTii;ecTBOBaHHe onepaTopa (5.2), yflOBjieTBopfliOTnero ycjiOBHio HacToameii Teo- 
peMbi. 3to BbiTeKaeT h3 TeopeM 4.1 5), 4.2 5) h npefljiojKeHHii 3.2, 4.2 a). 

IlpeflnojioJKHM Tenepb, hto s E E2q. Bbi6epeM nponaBOJibHoe mhcjio e £ (0, 1). HocKOJibKy 
s ^ £ ^ £'25, cymecTByiOT, Kax 6biJio ^OKaaano, orpaHHHeHHbie 4)peflrojibMOBbi onepaTopbi 

HMeiomHe o6ii],He aflpo N, fle4)eKTHoe noflnpocTpancTBO (5.5) h HHfleKC dimA/^ — dimA^+. 
IlpHMeHHB K 3THM onepaTopaM HHTepnojiaii;Hio co CTeneHHbiM napaMeTpoM t^^"^ , nojiyHHM b 
CHjiy npeflJioJKeHHa 3.4 h (J)opMyjibi (2.4) orpanHHenHbiii 4)peflrojibMOB onepaTop 

{A, B) : i/^'^'(2^)(n) ^ [Hs-e,^{^. r),ns+eA^^ r)]i/2 ■ (5-6) 

Oh HMeeT Te JKe aflpo, flec|)eKTHoe HOflnpocTpaHCTBO h HH^eKC. 
HoKajKeM, ^To 

['Hs-£,(p{il,T),'Hs+£^ip{^,T)]^^2 — T^s,tp{^,^) C 3KBHBajieTHOCTbIO HOpM. (5-7) 

IlycTb MHCJio 5 > TaKoe, hto s — e — S > —1/2 (sto bo3mojkho, HOCKOJibKy s > 1/2). Ha 
ocHOBaHHH TeopeMbi 4.1 H Hpe^jiojKeHiiH 3.2, 4.2 a) sanHmeM 

'Hs:f£,<p{^, r) = [Hs-6-5,l{^, r), 7is+£+(5,l(^, r)]v>=F ^ SKBHBajieTHOCTblO HOpM. 

3flecb HHTepHOJian,HOHHbie napaMeTpbi onpe^ejiaiOTca ho 4)opMyjiaM 

H '0=f(^) ■— 1 npn < f < 1. OTCiOfla b CHjiy TeopeMbi 3.3 o HOBTopnoii HHTepHOJian,HH 
HOJiyHaeM cjie^yiomHe paBencTBa npocTpancTB c 3KBHBajieHTHOCTbio nopM b hhx: 

= [Hs-e-sAn, r),ns+e+sA^, r)]^ ■ (5.8) 

3flecb HHTepnojian,noHHbiH napaMeip i/j onpe^ejiaeTca no c|)opMyjiaM 
V^(t) :=^_(t)(^+(t)/t/'_(t))^/2 = i(^+'^)/(2^+2'5)(^(iV(2e+25)) 

H '0(t) = 1 npH < t < 1. no3TOMy Ha ocHOBanHH Tex >Ke xeopeMbi 4.1 h npefljiojKeHHii 3.2, 
4.2 a) HMeeM 

[7Ys_£_5,l(Jl, r), ?1^5_|_£_|_5 i(Q, r)]^ = Ti.g^^(Q,r) C 3KBHBajieTHOCTbIO HopM. (5.9) 

Tenepb pabencTBa (5.8), (5.9) BjiexyT 4)opMyjiy (5.7). 

B CHjiy (5.7) orpaHHMeHHbiii 4)peflrojibMOB onepaiop (5.6) oananaeT cymecTBOBaHne one- 
paTopa (5.2), y/toBjieTBopaiomero ycjiOBiiio HacToaiiieH TeopeMbi. TeopeMa 5.1 ,T,0Ka3aHa. 

KaK OTMenajiocb Bbime, leopeMa 5.1 yTonnaeT npiiMeHHTejibHO k niKajie npocTpancTB 
f/"s,¥'.(2c()(^Q^ H3BecTHbiH pe3yjibTaT 51. A. PoHT6epra o CBoiicTBax 3JiJinnTHMecK0H KpaeBoii 
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aa^aHH b MOflH(J)Hn,HpoBaHHOH niKajie co6o.rreBCKHx npocTpancTB [3], [5] (cm. TaK>Ke [28, c. 
169], [4, c. 248]). B SToii TeopeMe s — npouseoAbuoe BemecTBeHHoe hhcjio. HosTOMy c|)pe/i;- 
rojibMOBOCTb onepaTopa aa^a^H ycTaHOBjiena b deycmopoHHeu (nHane roBopa, noAHOu) mo- 
flH4)Hn,HpoBaHHOH yTOHHeHHOH niKajiB npocTpancTB. SaMeiHM, mto 3tot onepaTop ocTaBjiaeT 
HHEapnaHTHbiM napaMGTp ip E Ai, xapaKTepHaioiomHH yTOHHenHyio rjia^KOCTL.. 

B CHJiy TeopeMbi 4.2 a) paBencTBO {A,B)u = /, rfle u e H''^'^^i\Q), f e K,^(Q,r), 
paBHOCHJibHO TOMy, HTO BCKTop (uq, Ui, . . . , U2q) '■= T2qU 5iBJi5ieTca o6o6meHHbiM pemeHH- 
eM no PoHT6epry aa^anH (1.1). yKaaaHHbiii 3JieMeHT u nacTO OTOJK^ecTBJiaeTca c BexTopoM 
(wo,iii, ■ ■ ■ ■,U2q) H TaKiKe HasbiBaeTca o6o6iii;eHiibiM pemeHneM aa^ann (1.1). 

Ha TeopeMbi 4.3 b) BbiTeKaei, mto onepaTop (5.2) coBna^aeT c onepaTopoM 

{A, B) : H'^^{Q) ns,^in, r) npH s>2q- 1/2. 

Ero c|)pe^rojibMOBOCTb ycTaiiOBJieiia b [12] (leopeMa 4.1). 

B nacTHOM cjiynae N = = {0} onepaTop (5.2) aBJiaeTca TonojiorHnecKHM naoMop- 
4)H3MOM B CHJiy TBopeMbi 5.1 H TeopeMbi Banaxa o6 o6paTHOM onepaTope. Cjie^OBaTejibHO, 
TeopeMa 5.1 co^epjKHT TeopeMy 1.1. B o6iii;eM cjiynae HaoMop4)H3M y;i;o6HO aa;i;aBaTb c noMO- 
mbK) cjieflyiomHx npoeKTopoB (cp. [5], jieMMbi 4.1.2 h 5.3.2). 

JleMMa 5.1. /fAfi npouseoAbHux s u Lp E Ai cymficmeymm CAedytovj^ue pasAootcenuH 
npocmpancme H^''^'^'^'^'>{Q) u l-Ls,ip{yi,V) e npMMue cajmmu saMKHymux nodnpocmpaHcme: 

H',<p,i2q)^Q-^ = iV + {« e i/^''^'(2<?)(0) : {uo,w)n - Sam ah)6oso w e N} , (5.10) 

HsA^, r)^{(v,0,---,0) - veN+} + (A,B) {H''^'^"^\n)) . (5.11) 
3decb Uq — uauaAhHafi KOMnonenma eenmopa {uqAIi. . . . ,U2q) := T2qU. 06o3HaHUM uepes P 
Kocou npoenmop npocmpaHcmea H^''^'^'^'^\n) ua emopoe CAazaeMoe cyuMU (5.10), a uepes 
Kocoil npoenmop npocmpaHcmea T-Cs,:p{^,T) na emopoe CAasacMoe cyjuMU (5.11) (napaACAtHO 
nepeoMy CAasacMOMy). 9mu npoenmopu ne aaeucnm om s,(f. 

/l^oKaaamejibcmeo. JloKameu (5.10). Ha onpe^ejieHna npocTpancTBa H^''^'^'^'^\il) BbiTe- 
KaeT, ^TO OTo5pa>KeHHe u ^-^ uq aBjiaexca orpaHH^iennbiM onepaTopoM Tq : H'^''^'^'^''\Q) — > 
i7^''^'(°)(f2). HosTOMy, BTopoe cjiaraeMoe cyMMbi (5.10) — aaMKHyToe no;i;npocTpaHCTBO. Oho 
HMeeT TpHBHajibHoe nepeceMeHHe c A'^. B CHjiy npeflJioJKenHa 4.1 6) h KoneMHOMepHOCTH nofl- 
npocTpancTBa N cnpaBeflJiHBO paajioJKenHe 

H''f'('^\n) ^N+{uoe H^'^^'^^^n) : (uo, w)n = fljia jiK)6oro w E N} . 

06oaHaHHM nepea H kocoh npoexTop na nepBoe cjiaraeMoe 3toh cyMMbi napajiJiejibHO BTopo- 
MV cjiaraeMOMy. ^Jia npoHSBOJibHoro u E H^''^'^'^'^\0,) aannmeM u = u' + u" , r/ie u' := II-uo ^ 
A^, a u" := u — YIuq E i/*''^'(^'?)(r2) y;i;oBJieTBopaeT ycjiOBHio {uq,w)q — {uq — Iluo,w)a — 
npn jiioSoM w E N. PaBencTBO (5.10) ^OKaaano. 

PaBencTBO (5.11) BbiTexaeT na Toro, hto b CHJiy TeopeMbi 5.1 noflnpocTpancTBa, aanncan- 
Hbie B cyMMe (5.11), aaMKnyxbie, HMeiOT TpHBnajibHoe nepeceneHHe h KOHennaa paaMepnocTb 
nepBoro npocTpancTBa coBnaflaei c KopaaMepnocTbio BToporo. HeaaBHCiiMOCTb npoeKTopoB 
P H OT napaMeTpoB s, (p BbiTexaeT iia BRjiTOHeHiiii N, C C°°{ Q). JleMMa 5.1 /lOKaaana. 

TeopeMa 5.2. /I^asi npouaeoAbuux napaMcmpoe s G M, 99 G 7W cyotcenue onepamopa (5.2) 
Ha nodnpocmpancmeo P{H^''^'^'^'^\il)) neAHemcH monoAozuuecKUM u30Mop^u3MOM 

{A,B) : P(if^'^'(^'')(i7)) ^ g+(7i,,^,(2,)((^,r)). (5.12) 
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/l^oKaaameAbcmeo. Corjiacno leopeMe 5.1, — ^ippo, a Q~^{'Hs,<p,(2q){^,'r)) — o6jiacTb 
SHaHeHHH onepaTopa (5.2). C.rre,T,OBaTejTt.HO, onepaTop (5.12) — 5HeKn,HH. KpoMe Toro, oh 
orpaHH^en. Sna^HT, onepaTop (5.12) nBjineTca TonojiorH^ecKHM h30mop4)H3mom b CHjiy tgo- 
peMbi Banaxa o6 o6paTHOM onepaiope. 

SaMBuaHue 5.1. TeopeMa 5.2 ocTaeTca BepHoii, ecjiH aaivieHHTb npoexTop iia onepaTop 
npoeKTHpoBaHHa npocTpancTBa l-ts,^,{2q){^,'^) na no^npocTpancTBO [A^ B){H^''f''^'^^\Vt)) 
napajiejibHO ;i;e(i)eKTHOMy no^npocTpaHCTBy (5.5). 

Ha TeopeMbi 5.2 BbiTexaeT cjie^yiomaa anpHopnaa oii;eHKa pemeHna ajiJinnTHHecKofi Kpae- 
BOH aa^aHH (1.1). 

TeopeMa 5.3. /I^ah npouseoAbHux (puKcupoeauHux napaMempoe s G R, G u a < s 
cytnecrneyem hucao c > maKoe, umo Sah KacHcdoso u G H^''^'^'^''\Q) cnpaeedAueo nepaeen- 
cmeo 

II ll//-.^.(2.)(n) - ^ ( ll(^'^)" llw.,^(n,r) + Ih L-.i.(29)(n)) • (^-13) 

/l^OKasameAbcmeo. HycTb u G H^''^'^'^'^\Q). Tax KaK A'" — KoneHHOMepHoe noflnpocTpan- 
CTBO B npocTpancTBax H^''^'^'^'^\Q) h H'^'^'^'^'^\Q,), nopMbi b 3thx npocTpancTBax 3KBHBajieHT- 
Hbi Ha N . B HacTHOCTH, fljia 4)yHKn,HH u — Pu G N cnpaBeflJiHBO HepaBencTBO 

II ~ Ilfl'''.¥'.(29)(f7) — II ~ P^ ll//<^.l.(29)(n) 

c nocToaHHOH Ci > 0, He saBHcamefi ot u. OTCio/xa ncrrynaeM 

II ll//'',¥'.(29)(n) — Cl II -U — Pm ||^<T,l,(29)(f^) + II ||^s,¥.,(2g)(Q) < 

< ci C2 II u 1 1 ^..1,(2,) + II L.,,,,(2,)(n), (5.14) 

r^e C2 — HopMa npoeKTopa 1 — P, fleiiCTByiomero b HpocTpancTBe if'^'^'^^^) (Q) . JXsjiee, ho- 
CKOJTbKy {A^B)Pu — {A,B)u, to Pu G i?*''^'^^^^(n) — npoo6pa3 pacnpe^ejieHHa {A^B)u G 

7is^^(0,r) npH TOHOJIOrHMeCKOM H30M0pc|)H3Me (5.12). Cjie^OBaTejIbHO, 

II Pu ||^.,<^.(2,)(n) < C3 II {A, B)u ||^^^^(f^_r)' 

r^e C3 — HopMa onepaTopa, o6paTHoro k (5.12). OTCiofla h h3 HepaBencTBa (5.14) BbiTeKaei 
on,eHKa (5.13). TeopeMa 5.3 flOKa3aHa. 

6. JloKajibHaa rjia^KOCTb pemeHHH. HpeflnojioiKHM, wio npabbie nacTH sjijinnTHMe- 
CKoii KpaeBOH 3a^aHH (1.1) HMeiOT na neKOTopoM otkpmtom b Q, MHOJKecTBe ^onojiHHTejib- 
Hyio rjia^KOCTb b yTOHneHHofi niKajie npocTpancTB. HoKaiKeM, hto o6o5iii,eiiiioe pemeHne u 
ynacjie^iyeT TaKyio jKe flonojiHHTejibnyio rjra^iKOCTb iia stom MHOJKecTBe. IlpeflBapHTejibHO 
paccMOTpHM cjiynaH ^onojiRHTejibHOH rjia^KOCTH bo Bceii oSjiacTH Vt. 

TeopeMa 6.1. Ilycmb s G M. UpednoAoafcuM, umo SAeMemnn u G H^'^'^'^'^\VL) neAHemcH 
0606'LneHHUM pemenueM aadanu (1.1), 2de 

f G i/^+^-29.<^'(o)(f]) u gj G V2,<^(r) npu j = l,...,q 

dAH Henomopux £ > u & M.. Tozda u G i7*+^''^'(^*)(n). 
/lloKaaameAbcmeo. Ho ycjiOBHio h TeopeMe 5.1 HMeeM 

{f,gr,...,9^) = {A, B)u e {A, B){H^''''^"^\n)) nHs+sA^^^) = {A, B){H^+^'^'^"^\n)) . 
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CjieflOBaTejibHO, cymecTByeT Taxoe v nojiynaeM 
{A,B){u — v) = 0, mo B CHjiy leopeMbi 5.1 bjighgt w := u — v G N G C°°(f2). TaKHM 
oSpaaoM, nocKOJibKy C°°(0) C H^'^^''^''^'^'^\il), cnpaBe^JiHBO u = v + w e hto h 

Tpe6oBajiocb ^OKaaaTb. 

PaccMOTpHM Tenepb cjiynaii jiOKajibHofi raa^KOCTH. HycTb U — OTKpbiToe nenycToe no^- 

MHOJKeCTBO SaMKHyTOii oSjiaCTH riojTOJKHM := f/ n Q H To := f/ n r (B03M0>KeH cjiy^afi 

To = 0). BBe/ieM cjie;iyioiu,He jiOKajibiibie anajiorn npocTpancTB H'^''^'^'^\fl) h H"^''^{r), r^e 
cr e M, 99 G H Li,ejioe r > 0. nojio>KHM 

:= i M G IJ H^'^'^'^Q) : x« e H'^'^^'^'^Q) ^jih Bcex x e C^P, suppx C f^o U Tq i , 
I seR J 

K'^ro) := {/i e V'{T) -.xhe i/'^-^r) Bcex x e C°°(r), suppx C To}. 

B CBasH c onpeflejieHHeM npocTpancTBa H^^^'''^\^Iq,To) otmcthm, hto ^Jia npoHSBOJibHOH 
4)yHKii;HH X ^ C°°( ) OTo6pa>KeHHe m t-^ x^i ^ ^ C°°( O ), npo;iojT>KaeTC5i no nenpepbiBiiocTH 
;],o orpaHHHeHHoro onepaTopa b KaiK^OM npocTpancTBe H^'^'^''\Q) [0] (n. 2.3). TeM caMbiM 
^jia u G H^'^'^'^\Q) KoppeKTHO onpe^ejieHO npoHSBe^eHne x^* £ H^'^'^'^\Q). 

TeopeMa 6.2. Tlycmh s G M. IJpednoAOCHCUM, nmo SAeMenm u G H^'^'^'^'^^Q) HOAHemcH 
0606'LneHHUM pemenueM aadauu (1.1), ^^e 

/G<r^^'^'(°)(Qo,ro) u G //rr-"^^-^/^'^(ro) npu j = l,...,g (6.1) 

M. MaMGi/f+'''''^''^(^o,ro). 
/^OKaaamejibcmeo. HoKajKeM cnaMajia, mto h3 ycjiOBHa (6.1) BbiTCKaeT cjieflyiomee cboh- 
CTBO noBbimeHHa jiOKajibHoii rjiaflKOCTH pemenHa u: fljia KajK^oro MHCJia r > 1 cnpaBeflJiHBa 
HMnjiHKan,Ha 

u G i/f+^-'-'^'('^^(no, To) ^ H:;;-^^''^'^"'\no, To). (6.2) 

Bbi6epeM nponsBOJibHO c|)yHKii;HH Xi V Taxne, hto 

X,?7GC°°(Q); supp X, supp 77 C JIq U To h 77 = 1 b OKpecTHOcra suppx- (6.3) 

IlepecTaBHB onepaTop yMHOJKenHa na 4)yHKii;Hio x c ^H4)4)epeHii;HajibHbiMH onepaTopaMH 
A H Sj, r;i;e j — l,...,q, mojkho aanncaTb ^Jia npoH3BOJibHoro v G C°°(Q) cjie^yioiuHe 
paBGHCTBa: 

{A,B){xv) = {A,B){xriv)^x{A,B){riv) + {A',B'){riv)^xiAB)v + {A',B'){riv). (6.4) 

3^ecb A' — HeKOTopoe jiHHeiiHoe flHc|)c|)epeHii;HajibHoe BbipajKeHne bQ, a B' — (B[, . . . , B'^) — 
naSop rpaHHHHbix jiHHeiiHbix flH4)4)epeHn,HajibHoe BbipaaceHHii na T. Ko3(J)4)Hn,HeHTbi sthx 
Bbipa>KeHHH SecKOHGHHO rjia/iKHe, a nopa^KH y^OBjieTBopaiOT ycjroBHaM ord A' < 2k — 1 
H oidB'j < rrij — 1. OTCio/],a cjiepyeT, mo OToSpaiKeHHe v 1— >• {A',B')v, r/],e v G C°°{Q), 
npoflOJiJKaeTca no nenpepbinnocTn flo orpannnennoro onepaTopa 

{A', B') ■ //'^'<^'(2«)(fi) ^ 7ia+i,^(^^, r) flJia npoH3BOJibnoro (7 G R. (6.5) 
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B cjiynae (p = 1 sto flOKaaano b [5] (n. 2.3). OTcro^a oSmnii cjiy'^iaH (p G A4 BbiBO^HTca c 
noMombK) HHTepnojiflTiHH TaK>Ke KaK H B flOKasaTejTbCTBe TeopeMbi 5.1. AnajiornHHO /iOKa3bi- 
BaeTca, ^to onepaTop yMHOJKeHHa na 4)yHKn,Hio Kjiacca C°°( f2 ) orpanHHen b npocTpancTBax 
H"'''^'^^\fl) H ?io-,9p(^,r) fljia KajKfloro cr G M. Cjie^OBaTejibHO, paBencTBO (6.4) npo^ojiJKaeT- 
ca no nenpepbiBHOCTH na KJiacc c|)yHKii;HH v G H'^''^'^'^\il) . Bo3bMeM b 3tom paBencTBe v :— u, 
r^e u — yKaaaHHoe b ycjiOBHH pemenHe aa^aHH (1.1). SannmeM 

{A, B){xu) ^xF+ {A', B'){rju). (6.6) 
3flecb BCKTop F :— (f,gi, . . . ,gq) yflOBjieiBopaeT b CHjiy (6.1) h (6.3) ycjiOBHio 

xFeHs+eA^^^)- (6-7) 
HpeflnojiOiKHM, hto u G H^^'^ '^''^''■^^■'(fio, Fq) ^Jia neKOToporo HHCJia r > 1. Tor;i;a 7]u G 

jjs+e-r,tp,{2q)^Q^^ HTO BMBCTe C 4)0pMyjiaMH (6.5) - (6.7) BJieHBT BKJIIOHeHHe 

OTCiOfla B CHJiy TeopeMbi 6.1 cjie^yeT cbohctbo G i7*+^~''+^'¥''(29)(f2) Qho BBH;i;y npo- 
H3B0JibH0CTH BbiSopa c|)yHKii;HH y^OBJieTBopaioiii;eH ycjiOBHio (6.3), oananaeT BKJiiOHeHHe 
u G H^^^'^'^^''^'^'^'^\QQ,ro). HMnjiHKaii;Ha (6.2) ^OKaaana. 

Tenepb jierKO BbiBecTH TeopeMy h3 (6.2). B CHjiy TeopeMbi 4.3 r) HMeeM 

fljia ii,ejioro k > e. HpHMeHHB HMnjinKaii,nio (6.2) nocjieflOBaTejibHO fljia anaMeHHii r = 
A;, . . . , 1, nojiyMHM 

HTO H Tpe6oBajiocb flOKaaaTb. 

B co6ojieBCKOM cjiy^ae ip = 1 TeopeMbi 6.1, 6.2 flOKaaanbi 51. A. PoHT6eproM [3], [5] (ra. 7) 
(cm. TaKJKe [4], th. Ill, §6). 

B KanecTBe npHJioxceHna TeopeM 6.1 h 6.2 npHBe^eM o^ho ^ocTaTOHHoe ycjiOBne Toro, 
HTO o6o6iii;eHHoe no PoHT6epry pemenne u ajiJinnTHHecKon KpaeBoii aa^ann (1.1) aBJiaeTca 
KjiaccHMecKHM, T.e. yflOBjieTBopaeT ycjiOBHio 

u G H''+'"i'\Q) n c'^(Q) n C""(n), (6.8) 

r^e (7 > —1/2, m :— max{mi, . . . , mq}. 3to ycjiOBHe BoannKaeT cjieflyiomuM o6pa30M. B 
CHjiy TeopeMbi 4.3 b) h npeflJioJKeniia 4.2 fl) H3 BKjiiOMeHHa 

U G //^+2«'l'(29)(Q) = 

BbiTeKaeT, hto sjieMenT u aBjiaeTca pemeniieM 3aflaMn (1.1) b CMbicjie Teopmi pacnpe^ejieHHii, 
aa^annbix b o6jiacTH Q. Tenepb KoppeKTHO paccMaTpnBaTb BRjHOHenne u G C^^(Q) nC"*( Q). 
Oho oana^aeT, hto b (1.1) 4^yHKiiHH Au n Bju BbiMHCJiaiOTca c noMOiii,bio KjiaccHHecKHx 
nponaBOflHbix, t. e. pemenne u KjiaccnnecKoe. 

TeopeMa 6.3. Ilycmb s G M. UpednoAOMCUM, nrno aAeMemn u G H'''^'^'^'^\Q) neAHemcH 
o6o6ineHHUM pemenueM sadauu (1.1), 2<?e 

/ G '^"'^°^(1], 0) n //"»-2?+n/2,^,(0)(Q) n i/^.l.(0)(f}), (6.9) 



BJlJlHnTH^ECKAfl SAflAHA B YTO^HEHHOH IIIKAJIE nPOCTPAHCTB 21 
Qj e /i-"^+('»-l)/2,¥'(r) n jja+2q-mj -1/2,1^^^ j^l,...,q (6.10) 

dAH Henomopux uucAa a > —1/2 u ^yHKi4UOHaAbH020 napaMempa (p G Ai, ydoeAemeopMO- 
meso HepaeeHcmey (4.2). Tozda pevienue u KAaccunecKoe. 
iHoKasameA'bcmeo. B CHjiy TeopeM 6.1, 6.2 h3 ycjiOBHi! (6.9), (6.10) BbiTexaeT BKjiioMeHHe 

OTCiofla Ha ocHOBaHHH npe^jioiKeHHa 4.1 ^) h TeopeMbi 4.3 b) HMeeM: 

u e //'"+"/2>¥'>(2?)(Q) n //^+2«'i'(2«)(Q) = //'"+"/2'¥'(Q) n H''+^'i'\n) c C"^(n) n //'^+2«'^(Q). 

(HocjieflHee paBencTBO CTanoBHTca hchbim, ecjiH paccMOTpeib OTflejiBHO cjiyHan m + n/2 > 
(T + 2gf H m + n/2 < cr + 2gf h BOcnojib30BaTbCfl nynKTOM r) leopeMbi 4.3.) KpoMe Toro, 

XU e //2g+n/2,^,(2g)^j^^ ^ ^2,+n/2,^^j^^ ^ C'«(n) 

^jia J11060H 4)yHKii;HH x ^ C'o°(fi), hto bjibhct BKJiiOHeHHe u £ C^^(Jl). TaKHM o6pa30M, 
BbinojinaeTca ycjiOBHe (6.8), t. e. u — KJiaccHnecKoe pemeHne. TeopeMa 6.3 ^OKaaana. 

7. KoppeKTHOCTb onpe^ejieHHH neKOTopbix npocTpancTB. HoKajKeM, mto npocTpan- 
CTBO (2.4) He 3aBHCHT OT HCHOJib30BaHHoro B ero OHpeflejieHHH HapaMGTpa s. 
TeopeMa 7.1. IJycmb r & N, s & Er u (p & M.. IJpocmpaHcmeo 

He saeucum c moHHOcm'bto do aneueaAeHmHocmu HopM om napaMempa e G (0, 1). 

/^OKaaamejibcmeo. npe;],HOJio>KHM CHanajia, hto r — 2q — MeTHoe mhcjio. PaccMoipHM 
KaKyio-jiH6o peryjiapnyio ajiJinnTHHecKyio KpaeByio aa^any (1.1), ;i;jia KOTopofi npocTpancTBa 
N H TpHBHajibHbi. (HanpHMep, sa^iaTiy ^npHXJie ;i;jia A := {1 — A^), r^e A — onepaTop 
Jlanjiaca.) CorjiacHO TeopeMe 5.1 cymecTByeT TonojiorHHecKHii H30Mopc|)H3M 

{A, B) : H'''^'^^'^\n, e) ^ ns,^{^, T) npn < £ < 1. 

OTCiofla HeMefljieHHO cjieflyei TeopeMa fljia HeiHoro r = 2q. 

npezi,nojio>KHM ^ajiee, hto hhcjio r HeneTHoe. B CHjiy leopeMbi 4.2 ^jia jiio6oro MHCJia 

a G ( — OO, r + 1/2) \ Er CymeCTByiOT H30MeTpH^eCKHe H30MOp4)H3MbI 

Tr-. i/-''^'W(n)^i^,,^,(,)(o,r), 

n03T0My K0Mn03Hn,Ha 0T06paJKeHHH 

U ^ Tr+iU^: {uo,Ui, . . .,Ur,Ur+l) ^ {T~^{uo,Ui, . . .,Ur),Ur+l), U G H''''f'^'"^'^\Q), 
Onpe^ejiaeT H30MeTpHHeCKHH H30M0pc|)H3M 

T : i/'"'^'(''+i)(Q) ^ i/^'^'W(Q) X //^-'■"^/^'^(r). 

Bo3bMeM 3;i;ecb a = s ^ e, r^e < £ < 1, h npHMenHM HHTepnojiai^nio co CTenennbiM 
napaMeipoM t^^"^. IlojiyHHM TonojiorHHecKHii H30Mopc|)H3M 

T : /7^'<^'(^+^)(0, e) ^ H'''^'^''\fl, s) x //^-'-i/2,¥^(r) := X{6). (7.1) 
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HpH 3T0M Hcnojib3yeTCfl npeflJioJKeHHe 3.2 h HHTepnojian,HOHHoe paBencTBO 

[H'-'-'-'/^^'^ir), //-+--'-V2,¥'(r)] = i/^-^-V2,¥'(r) c SKBHBajieTHOCTblO HOpM, 

KOTopoe ^lOKaabiBaeTca anajiornHHO paBencTBy (5.7). Tenepb b CH.rry (7.1) HMeeM 

II ll//«,V,W(n,£) ^ II llx(e) ^ II ^ ^(^^O) ||ijs.^,{r + l)(n,£)- 

OTCiofla, nocKOJibKy napaivieTp r + 1 neTHbin, BbiTeKaeT, no ;i;oKa3aiiiiOMy, hto HopMbi b npo- 
CTpancTBax H^''^'^^\fl,s), r^e < £ < 1, 3KBHBajieHTHbi. SnanHT, sth npocTpancTBa paBHbi, 
nocKOJibKy MHOiKecTBO C°°(Q) njiOTHO B KaiK^OM H3 HHx corjiacHO TeopeMe 4.3 6). TeopeMa 
7.1 flOKaaana. 
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